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1. INTRODUCTION 
Let L be a finite simple (non-abelian) group of Lie type defined over a 
finite field GF(q) with q = Y” elements, and let p > 0 be a prime number. If 
p = r, then Steinberg’s tensor product theorem implies that L has a p-block 
of defect zero consisting of the Steinberg character. It is the purpose of this 
article to show that L has also p-blocks of defect zero for all odd primes 
p # Y (Theorem 5.1). 
From this result and the classification theorem of the finite simple groups 
follows that for every odd prime p every finite simple group G has at least 
one p-block B whose defect group ci( B) is not a Sylow p-subgroup of G 
(Theorem 5.3 ). 
As mentioned in the author’s survey article [ 151 Theorem 5.3 has several 
applications in the representation theory of finite groups. So we can show 
that a finite group G has an abelian normal Sylow p-subgroup P if and 
only if p 1 x( 1) for every irreducible ordinary character x of G 
(Theorem 5.4). Furthermore, the finite group G has a normal Sylow p-sub- 
group P if and only if p 1 q~( 1) for every irreducible modular character cp of 
G (Theorem 5.5). Of course only the sufficiency of the degree conditions 
had been an open problem. 
Concerning notation and terminology we refer to the books by Carter 
[6], Feit [lo], Gorenstein [ 121 and the article by Springer and Steinberg 
prcscntcd in [2]. 
The author is very grateful to Dr. W. Willems (Mainz) for giving the 
permission to incorporate his Lemma 4.1 into this manuscript. By means of 
this result the assertion of Theorem 5.1 could also be proved for 
PSL(I+ l,(l) and PSU(/+ 1, q) for the open cases pI(I+ 1, q- 1) and 
pi (I+ 1, q + I), respectively. In the original version it was only shown that 
in these cases the linear and unitary simple groups have p-blocks with 
cyclic defect groups. 
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2. REGULAR ELEMENTS IN MAXIMAL TORI ANDP-BLOCKS OF DEFECT ZERO 
Every finite Chevalley or twisted group of Lie type is the group G, of 
fixed points of an endomorphism CJ of a simple linear algebraic group G 
defined over the algebraic closure K of a finite field GF(q) with q = r”’ 
elements, where the prime number Y > 0 is the characteristic of K. The 
simply connected covering group of G is denoted by G,, and the adjoint 
group by Gad, which is the dual of G,,. 
Let T be a a-stable maximal torus of G. Then T is called anisotropic if it 
is not contained in any proper parabolic subgroup of G fixed by cr. A 
maximal torus of G, is a subgroup of the form T, = G, n T, where T is a o- 
stable maximal torus of G. If T is anisotropic, then 7‘, is called an 
anisotropic maximal torus of G,. 
W, = (NJ T)/T), is the Weyl group of the maximal torus T, of G,. It 
acts on T,, and its character group f,,. C,“(s) = { 11’ E W, /.s”’ = s} is called 
the isotropy group of the semisimple elements of T,. If C,(s) = 1, then 
s E T is said to be in general position. An element s of a maximal torus T is 
called regular is C,(s)’ = T, where Ho denotes the connected component of 
H. Elements s E G, which are in general position are regular: the converse is 
true in simply connected groups, but not in general. 
Let W be the Weyl group of a fixed o-stable maximally split torus T,, of 
G. Then W= NJ T,,)/T, is uniquely determined by G up to G-conjugation. 
By Springer and Steinberg [2, p. 1861, the G,-conjugacy classes of a-stable 
maximal tori T of G are in bijection with the a-conjugacy classes of W. 
Two elements M‘,, MI? E W are o-conjugate, if )I’~ = 12‘n’, a(rr) ’ for some 
M‘E W. The maximal tori of G, belonging to the G,-conjugacy class 
corresponding to the a-conjugacy class of the Coxeter element of W are 
called Coxeter tori. 
Theorem 1 of Veldkamp [ 1 ] is restated as 
LEMMA 2.1. Coxeter tori contuin elements of’ G, in general position 
except when G,E {G,(2), ‘A,(2’)}. Ho\ileuer, in the adjoint ‘A,(2’) the 
Coxeter tori contain regulur elements. 
If z is a positive integer, then Z, denotes the highest power of the prime r 
dividing 2, and z,.. = z~- ‘z. 
For every maximal torus T of the simply connected linear algebraic 
group G = G,, and every linear character (3 E Ffl Deligne and Lusztig have 
constructed a generalized character R, (, of the finite group G,. Its main 
properties are presented in Carter [6]. 
PROPOSITION 2.2. Let T he a o-stable maximal torus qf the simpl?, con- 
nected linear algebraic group G. Then: 
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(a) For 0 E TU in general position there is a sign E = f 1 such that 
x0 = ERR, e is an ordinary irreducible character of the finite group G, with 
degree ~~(1) = IG,: TJ,.. 
(b) if p # r does not divide the order 1 T,, of the maximal torus T, oj 
G,, then xs belongs to a p-block B of G, with defect zero. 
Furthermore, if the linear character 0 of T, has the center Z = Z(G,) qf 
G, in its kernel, then xH belongs to a p-block B of G,/Z with defect zero. 
Proof Assertion (a) follows from Theorem 7.5.1 and Corollary 7.3.5 of 
Carter [6]. 
(b) Let S be a Sylow p-subgroup of G,. As p # r and pjj T,I it follows 
that 
ISI I IG,: T,I,,=xn(l). 
Hence x0 belongs to a p-block B of defect zero in G, by Lemma 4.19 of Feit 
[ 10, p. 1591. 
Suppose that e(z) = 1 for every z E Z. Then Theorem 7.2.8 of [6] asserts 
that 
=E(G,: T,I,,=R.,(l). (1) 
Hence Z is contained in the kernel of xc, = ER, n. Thus x0 belongs to a p- 
block of G,/Z with defect zero. 
Remark 2.3. Let L be a finite simple group of Lie type defined over a 
field with characteristic r >O. Then L has an r-block of defect zero con- 
sisting of the irreducible Steinberg character of L. 
This assertion is an immediate consequence of Corollary 6.4.3 of [6] and 
Lemma4.19 of [lo, p. 1591. 
Notation. Let G* = G,, be the dual group of G = G,, with respect to the 
maximally split tori TO, T,* of G and G*, respectively. Let r~’ be the 
endomorphism of G* corresponding to the endomorphism r~ of G. By 
Proposition 4.3.4 of [6, p. 1161, every a-stable maximal torus T of G is in 
duality with some a’-stable maximal torus T* of G*, and con!ersely. 
Furthermore there is a W,-isomorphism of the character group T, onto 
TX, such that characters 8 in general position of f0 correspond to 
elements s in general position in T,*. 
By Proposition 5.1 of Veldkamp [19] the number of elements in general 
position in T, and of characters in FU are equal, if T, is cyclic or its Weyl 
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group W, is cyclic. In any of these cases the Deligne-Lusztig character 
xs = ERR, B is also denoted by xs = ERR, J, where 0 = s^ is the character of T, 
corresponding to the regular element s E T,. 
LEMMA 2.4. Let L he a finite simple group of Lie type defined over a 
field with characteristic r > 0. Let G he the simply connected simple linear 
algebraic group belonging to the Dynkin diagram of L. Then L is isomorphic 
to the commutator group H’ of H = G,/Z, w$here Z = Z(G,) denotes the cen- 
ter of G,. 
Let p # r be a prime, and let T, be a cyclic maximul torus of G, such that 
pJ[ T,I. [f T, contains regular elements of G,, then L has a p-block of deject 
zero. 
Proof: Let H N G,/Z. Then L 2: H’ by Gorenstein [ 12, p. 751. 
If T,, contains a regular element of G,, then the cyclic torus T, is 
generated by a regular element s # 1. As G is simply connected, s is in 
general position, and s corresponds to a linear character S^E ;i;T by 
Proposition 5.1 of [19]. Let d= JZI. Then dE (1, 2, 3,4j or d divides 
(l+ 1, q- 1) or (1-t 1, q+ I), where 1 is the Lie rank of G. 
Certainly Z is contained in the kernel of the linear character 0 = (3)’ of 
T,,. Let M: be a generator of the cyclic Weyl group W, of T,. Suppose that 
8 is not in general position, then sd~ TO,,., = {x E T, 1 xI”’ = x} $J T, for some 
i > 1. Since L is simple, it follows from the character tables given in [9, 16, 
and 171 that I> 2. As T, is cyclic, Veldkamp’s representations of the 
elements of T, in the split maximal torus TO of G given in [ 1, p. 196 ff], 
yield that T,,,., is defined over a proper subfield GF(p”) of the field GF(q’) 
over which T,, is defined. Hence 1 T,: T,,,,., 1 < d, and s is not a generator of 
TO, a contradiction. 
Therefore 8 = (S^)d is a linear character of T, in general position. Hence 
H = G,/Z has a p-block B, of defect zero by Proposition 2.2. Let B be a 
block of H’ 4 H covered by B,. Then its defect group S(B) = 6(B,) n 
H’ = 1 by Theorem 3.14 of Feit [ 10, p. 2011. 
PROPOSITION 2.5. Let L be a finite simple group of Lie type. Let p be a 
prime not dividing the order of a Coxeter torus of L. Then L has a p-block of 
defect zero. 
Proof: By Remark 2.3 we may assume that p # r. Let G be the simply 
connected linear algebraic simple group belonging to the Dynkin diagram 
of L. As PSU,(4) is solvable, G, # *A2(2’). Now G,(2) has p-blocks of 
defect zero for all primesp dividing IG,(2)1, see its character table in CAS 
[16]. Hence we may assume that G,$ {G,(2), *A2(21)}. Therefore 
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Lemma 2.1 asserts that a Coxeter torus T, of G, has elements in general 
position. Furthermore, by Proposition 30 of Carter [S] the Weyl group W, 
of T, is cyclic. Let W,= (w}, and TO,,= {XE T,I.x”“=w}, i3 1. Then by 
the arguments of Veldkamp [ 1 ] there is a regular element s E T, such that 
s”$ T,,,,., where d= IZ(G,)l. Hence tI=?’ is in general position and has Z 
in its kernel. Therefore L has a p-block of defect zero by Proposition 2.2. 
3. EXCEPTIONAL GROUPS OF LIE TYPE HAVE P-BLOCKS OF DEFECT ZERO 
Besides the Suzuki groups 2B2(22n7C ‘), the Ree groups 2GI(32’“+‘), 
2F,(22”+’ ), the Tits group ‘E’,(2)‘, the following groups are exceptional 
grows of Lie type: G,(q), ‘D,(q), F,(q), E,(q), ‘E6(q), E,(q), and E,(q). 
For any of these groups E there is a simply connected simple linear 
algebraic group G with endomorphism r~ such that E = G,. Let H = G,/Z, 
where Z = Z(G,) denotes the center of G,. A simple exceptional group L of 
Lie type E is isomorphic to the commutator group H’ of H. 
PROPOSITION 3.1. Let p be un odd prime, and let L he a ,fi’nite simple 
exceptional group of‘ Lie type. Then L bus a p-block qf‘d<f&t zero. 
Proof. By Remark 2.3 we may assume that p # r, where r is the charac- 
teristic of GF(q). Let L = E/Z, where E = G,, G and H are the groups as 
defined above. 
If EE j2B2(22m+‘), 2G2(32”‘+‘), ‘F,(2)‘} then the assertion follows 
immediately from the character tables of Suzuki [ 181, Ward [20], and the 
CAS system [ 161, respectively. Deriziotis and the author have shown in 
[S] that L = E= ‘D,(q) contains p-blocks of defect zero for all primes 
p > 0. The same assertion is true for all L = E = G,(q) by the character 
table of Chang and Ree [7]; in fact. Chang and Ree assume that r # 2, 3, 
but using the methods of [S] it is easy to get the degrees of all irreducible 
characters of G2(2’“) and G2(3”‘). 
In the remaining cases let T, be a Coxeter torus of E= G,. By 
Proposition 2.5 we may then assume that p 1 I T,I. 
Suppose that L = EE (F,(q), 2F4(22mC’)}. By Propositions 3 and 4 of 
Veldkamp [l] E contains in each case an anisotropic cyclic maximal 
torus B, of order I B,I = q4 + 1. Furthermore, B, has regular elements. In 
this case IT,.1 =q4-qz+ 1 by [ 1, p. 4103. Hence g. c. d. (ITol, IB,I) = 1. 
Thus pj(B,l. Applying now Lemma 2.4 it follows that L has p-blocks B of 
defect zero. 
Suppose that E = E,(q). Then I TOI = (q’ + q + 1 )(q4 - q2 + 1) by Carter 
[S, p. 231. Another anisotropic maximal torus of E is E,(a,) having order 
IE,(a,)l = q6 + q3 + 1 by [S, p. 231. Proposition 8 of Veldkamp [ 1] asserts 
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that E,(a,) contains regular elements. The g. c. d. (Ir,l, IE,(a,)l) is 3 if 
q = l(3) and 1 otherwise. Thus pjjE,(a,)l, if p # 3. Therefore by Lemma 2.4, 
L has p-blocks of defect zero for p # 3. So we may assume that p = 3 and 
3 I (q - 1). Then the center Z of E is generated by an element z of order 3. 
By Proposition 8 of Veldkamp [ 1 ] the anisotropic torus Z’= E,(a, ) of 
G, = E contains elements in general position. Let P be a Sylow 3-sub- 
group of E. Then P= P/Z is a Sylow 3-subgroup‘ of L = E/Z, and 
(I VjZl, 3) = 1. By the proof of Lemma 2.4 we can choose s so that .f is a 
linear character of I’ with Z in its kernel ker s^. Now Proposition 2.2 yields 
the existence of an irreducible character x, of G, with degree x,,(l) = 
IG,: T,I,,, having Z in its kernel. As IPI I x,( l), it follows from Lemma 4.19 
of Feit [lo] that x, belongs to a p-block B of L = G,/Z with defect zero. 
Replacing q by -q the same arguments apply for E = “E,(q), see Gager 
[Ill, p. 6131. 
Suppose that E = E,(q). Then I7’,/ = qx + q’ - q5 - q4 -- q’ + q + 1 by 
Carter [S, p. 231. Another anisotropic maximal torus of E is E,(u,) having 
order (E,(u,)l = q8 ~ q4 + 1 by [S, p. 231. Hence g. c. d. (( T,(, ( E8(u,)() = 1. 
Thus pjlE,(u, )I. Applying now Lemma 2.4 it follows that L = E = H has p- 
blocks B of defect zero, because E,(a,) has regular elements by 
Proposition 11 of Veldkamp [ 11. 
So we are left with the case E= E,(q). By Carter [S, p. 231, /T,I = 
(q + 1 )(q6 - q3 + 1). Furthermore, E has an anisotropic maximal torus 
E,(u,) of order lE7(u,)l =q’+ 1 by [6, p. 231. Hence g. c. d. (Ir,l, 
lE,(u,)O=q+ 1. 
ThuspjlE,(a,)l, ifpJ(q+ 1). By Proposition 10 of Veldkamp [l], E’(N,) 
has regular elements. Using Remark 2.4 and Proposition 2.2 it follows then 
again that L = E/Z = H’ has p-blocks B of defect zero. 
So we may assume that p ) (q + 1). Let U’ be the Weyl group of E,(q). By 
Lusztig [ 13, p. 3651, L = E/Z has two unipotent characters n E ( [512,,], 
[ 5 12,,‘] ) of degree 
(*) 
where #k denotes the kth cyclotomic polynomial in q. E has a maximal 
torus V, of order ) V,,I = (q+ l)‘, see [IS]. If pJIWJ, then I/, contains a 
Sylow p-subgroup of E by Corollary 5.19 of [2, p. 2121, because p I (q + 1). 
As IZI = 2 and p is odd, it follows from (*) and Lemma 4.19 of Feit 
[ 10, p. 1591, that /1 belongs to a p-block B of defect zero in L. If p I I WI, 
then pE {3,5,7} becausep is odd. Now pl(q+ l)=d2. Let k>2. Then 3 
divides dk for k E (6, 18}, 5 divides dk for k = 10, and 7 divides dk for 
k = 14. Now dz is the precise power of dz dividing the order / V,l of V,, and 
(I+‘/ = 2’034. 5.7. Therefore, if 3 ((q + l), then #i&d,, is divisible by the 
order of a Sylow 3-subgroup S of E by Corollary 5.19 of [2, p. 2121. Now 
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(*) implies that ISI 1 n(l), and n belongs to a 3-block B, of L with defect 
zero by Lemma 4.19 of Feit [ 10, p. 1591. Similarly one can show that n 
belongs to a 5-block B, and to a 7-block B, of L with defect zero. This 
completes the proof. 
4. SIMPLE CLASSICAL GROUPS HAVEP-BLOCKS OF DEFECT ZERO 
Let p be an odd prime number. In this section it is shown that every 
finite simple group of Lie type A,(q), ‘A,(q), B,(q), C,(q), D,(q), or ‘D,(q) 
has p-blocks of defect zero. For the finite simple groups of Lie type A,(q) or 
2A,(q) our proof relies on the following number theoretical emma which is 
due to W. Willems. 
LEMMA 4.1. Let p be an odd prime. Let 2 6 1 E N and let q # 0 be an 
integer. Suppose that p divides (q- 1, I+ 1). !f(q- 1, I+ l),,= (I+ l),, then 
(1 +q+q2+ ‘.. +q’&= (I+ l)p. 
ProoJ: Write (q - 1, I + 1) = p’s, I+ 1 = p”t, q - 1 = p’r, where (s, p) = 
(t,p)=(r,p)= 1 and b>a>,l: 
l+q+q2+ ... +q’-1+(1+phr)+(1+2phr)+ ... +(l+lphr) (modpZh) 
-(I+ 1)+(1(1+ 1)/2)phr (modp2’). 
Thus 
2(1 +q+q2+ .” +q’)s2(1+ l)+l(l+ l)phr (modp2”) 
=2(1+ l)+p u+ hrtl (mod p2h). 
In particular, we have 
2(1 +q+q’+ ..’ + q’) s 2(1+ 1) (mod p”+ “). 
As p # 2, we get (1 + q + q2 + . . + q’)p = (I + 1 )p. This completes the 
proof. 
PROPOSITION 4.2. Let p be an odd prime. Let L be a finite simple group 
of Lie type A,(q) or ‘A,(q). Then L contains a p-block of defect zero. 
Proof Let G, = A,(q) = SL,, , (q), and let C be a Coxeter torus of G,. 
By Remark 2.3 and Proposition 2.5 we may assume that pjq and p ) 1 Cl = 
1 +q+q2+ ... +q’. Furthermore, I > 2 by the character tables of 
[9, pp. 228,235; 171. 
Suppose that pjlZl = (I+ 1, q - 1). By Proposition 2.3 of [S] there 
corresponds to the partition 1, = (1, I) of 1+ 1 a maximal torus T, of 
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G,=SL/+,(q) with order ]TjJ =(q- l)(l +q+ ... +q’-‘)=q’- 1. If 
r # 1 denotes a generator of the multiplicative group GF(q’)*, and if 
p=T -(‘+q+ “’ +q’-‘), then up to conjugacy T, is generated by the diagonal 
matrix t = (p, r, ry ,..., ry” ) E G,. Furthermore, t is a regular element of Tj.. 
Suppose that pi ITjj. Since p 1 ICI and piq, it follows that pi q - 1 and 
therefore I+ 1 =I +q+q’+ ... +q’= ICI -0 (modp.). Hence pl(q- 1, 
I + 1) = IZJ, a contradiction. Thus p)I TJ. Therefore L has a p-block of 
defect zero by Lemma 2.4. 
So we may assume that p I IZI = (q - 1, I+ 1 ), and therefore (l+ 1 )p = 
JC\,. If \Z\,=(q--1, I+ l),=(t+l),, then Lemma4.1 implies that 
p//C: ZI. Since the Coxeter torus C of A, is cyclic, it follows from the proof 
of Lemma 2.4 that L = A,(q)/Z contains a p-block of defect zero. 
Hence we are left with the case that IZ/, = (q- 1, I+ l)p= (q- l),. AS 
pll+ 1, we have p[(l +q+q’+ ... +q’-‘)= IT,(/(q- 1). Since I> 1 and 
the torus T, of order q’- 1 is cyclic, another application of the proof of 
Lemma 2.4 yields the existence of a p-block of defect zero in 
L= PSL(l+ 1, q). 
Replacing q by (-4) in the above argument one obtains a proof in case 
G, = SU,, I(q), see [13, p. 358) and Proposition 6.7 of [I 111. 
PROPOSITION 4.3. Let L be a finite simple group qf Lie type B,(q) or 
C,(q). Then L contains a p-block qf dqfecr zero for every odd prime p. 
Proof By Remark 2.3 we may assume that pjq. Let G be a simply con- 
nected simple linear algebraic groups belonging to the Dynkin diagram of 
L. Then L N G,/Z, where Z denotes the center of G,. Its order 
I.4 = (2, q - 1). 
By Proposition 2.5 we may assume that p divides the order of a Coxeter 
torus C of G,. Now \C\ =q’+ 1 by [S, p. 231, and 13 2. By Proposition 24 
of [S], G, contains a maximal torus T, corresponding to the positive I- 
cycle j. = (I), which is cyclic of order I T;.I = q’- 1 by Propositions 4.5 and 
4.18 of [ 111. If t # 1 denotes a generator of the multiplicative group of the 
finite Galois field GF(q’)*, then up to conjugation T, is generated by the 
diagonal matrix t = (t, z“, t“* ,..., ry’-’ ) E G,. Since all entries of t are dif- 
ferent, it follows that t is regular, see [ 1, p. 4001. As p # 2, g. c. d. 
(q’ - 1, p) = 1, because p ) (q’ + 1). Hence pII Tj 1, and L has a p-block of 
defect zero by Lemma 2.4. 
PROPOSITION 4.4. Let L he a finite simple group qf Lie type D,(q) or 
‘D,(q). Then L contains a p-block of defect zero for every odd primep. 
Prooj By Remark 2.3 we may assume that pjq. Let G be the simply 
connected simple linear algebraic group belonging to the Dynkin 
diagram L. Then by Proposition 2.5 we may assume that p divides the 
order of a Coxeter torus C of G,. 
228 GERHARD 0. MICHLER 
Suppose that L is of Lie type D,(q). Then by [S, p. 231, \C/ = 
(q + l)(q’- ’ + 1 ), and G, has other anisotropic maximal tori D,(ui) of order 
ID,(aj)l =(q’+ l)(q’-‘+ 1) for i=2,3 ,..., [$/I. 
By Proposition 4.18 of Gager [ 111 there is a cyclic maximal torus with 
order I Tj = q’ - 1. As in Proposition 4.2 it can be shown that T contains a 
regular element t # 1. If pl( Tl, then L has p-blocks of defect zero by 
Lemma 2.4. 
Therefore we may assume that p 1 1 TI = q’- 1. Suppose that p/(q + 1). 
Then p 1 (q’ ’ +l), becauseplICI=(q+l)(q’ ‘+l).ThuspI(q’+q’ ‘)= 
q’~- ‘(q + 1 ), a contradiction. So p / q + 1. 
As p is odd and p I q’- 1 it follows that pJ(q - 1) and I is even. Hence 
p / (q’-~ ’ + 1 ), but p!(q’ + 1 )(q’- ’ + l)=ID(a,)l. If 124 or 1=4 and 
q 2 21- 2, then by Veldkamp [ 1, p. 3981, the anisotropic maximal torus 
D(az) has characters 19 in general position s. t. ker 0 contains the center of 
Z of G,. Thus L has a p-block of defect zero by Proposition 2.2, unless 
qd 5 and I=4. In this remaining case, p/q+ 1 and p # 2 imply (p, q)E 
((3, 2), (5,4), (3, 5)). As 04(2) h as a 3-block of defect zero by its character 
table [ 161, it follows that (p, q) # (3, 2). Suppose that q = 4 and p = 5. Let 
T# 1 be a generator of GF(q4)*. Then t =(T~', T, ?4, T") and t' are 
elements in general position of the maximal torus T* or order 
(q - 1 )(q’ - 1) in (G*),. As p]l TI, the simple group L has 5-blocks of defect 
zero by Proposition 2.2. Finally, we have (p, q) = (3, 5). 
Let t = (r3’, 7, r5, t2’), where T generates GF(q”). Then another 
application of Proposition 2.2 yields again a 3-block defect zero of L. 
Replacing q by (-4) in the above argument one obtains a proof for 
G = ‘D,(q), see Proposition 6.10 of [I I]. 
5. MAIN THEOREM AND APPLICATIONS 
Combining the results of the previous sections we obtain the main 
theorem of this article. 
THEOREM 5.1. Let L he a ,finite simple group ef Lie type, und let p hc an 
odd prime number. Then L has u p-block qf defect zero. 
Prooj: All assertions are immediate consequences of Remark 2.3 and 
Propositions 3.1, 4.2, 4.3, and 4.4. 
By the classification theorem a finite simple group is either a cyclic group 
of prime order, an alternating group ‘u, of degree n > 5, one of the 26 
sporadic groups or a finite simple group of Lie type; see Gorenstein [ 121. 
In [4], Brockhaus showed 
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PROPOSITION 5.2. Let p # 2 be a prime number. Then every alternating 
group 211, of degree n 2 5 has at least one p-block B whose dt$ect group 6(B) 
is not a Sylow p-subgroup sf G. 
Checking the character tables of the 26 sporadic simple groups given in 
the CAS system [ 161 one sees that every sporadic simple group has at least 
one p-block whose defect group 6(B) is not a Sylow ‘p-subgroup of G 
provided p # 2. 
Therefore the classification theorem of the finite simple groups, 
Theorem 5.1 and Proposition 5.2 imply 
THEOREM 5.3. Let p # 2. Then eaer~~ ,fi’nitr simple group G has at least 
one p-block B whose defect group (5(B) is not a Sylow p-subgroup qf G. 
This assertion does not hold for p = 2, because the simple Mathieu 
groups M,, and M,, have only one 2-block each. 
In the author’s survey article [ 151 proofs are given for the following 
applications of Theorem 5.3. 
THEOREM 5.4. The ,jinite group G has un abelian normal Sylo~. p-sub- 
group P ifund onl?, lfpjx( 1 ) ,f . or cwyI’ irreducible ordinur~~ character x of G. 
Because of Ito’s theorem, see [9], only the sufficiency of the degree con- 
dition has been an open problem. 
THEOREM 5.5 Thefinite group G has a normul S~,low, p-subgroup P (‘and 
onI?! lf p[(p( 1 ) ,f& euerl> irreducible modular character 43 of G. 
As mentioned in [ 151 for p = 2 Theorem 5.6 is due to T. Okuyama. 
Using Theorem 5.3 the following main result of [ 141 can easily be proved. 
COROLLARY 5.6. Let G he u,finitr group tzitiz a c?,clic Sylo~, p-subgroup 
P # 1. Then the principul p-block B,, is the onI)% block of G lf’ und onl>s if’ P is 
normal in G und O,,.(G) = 1. 
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